model of duopolistic competition ts re-examined. A family of utility functions is used which has as a special case Hotelling's original utility function. In a two-stage location-price game it is shown that an equilibrium exists when the curvature of the utility functions in the space of characteristics is sufficiently high. The (subgame-perfect) equilibrium never exhibits minimum product differentiation.
Introduction and statement of the problem
claimed that competition in differentiated products results in minimal differentiation. D 'Aspremont et al. (1979) showed that, because a key calculation in Hotelling's model is incorrect, the minimum differentiation equilibrium does not exist. Proposing a similar utility function they exhibited a maximal differentiation equilibrium.
Here we analyse the problem for a class of utility functions and assess the generality of the maximum differentiation result. In his acclaimed study 'Stability in Competition ', Hotelling (1929) considered the following paradigm of duopolistic competition for differentiated products. Two firms are selling products 1 and 2 at prices pi and pz respectively. Products 1 and 2 are identical in all respects except for one characteristic.
Let x be the amount of characteristic embodied in product 1 and ): in product 2. Consumers are endowed with utility functions separable in money (Hicksian composite commodity) and utility derived from a differentiated product. Each consumer is constrained to buy one unit of one of the differentiated products. Consumers have single peaked preferences in the space of potential differentiated products. Consumers are distributed uniformly in [0, 11 according to the product they prefer most.
Competition takes place in two stages. In the last-stage (short-run) game products are fixed and firms compete in prices. The first-stage (long-run) game is defined for product configurations such that a unique Nash equilibrium in prices exists in the last-stage game. In the first-stage game firms compete non-cooperatively in product specifications with instantaneous adjustment to the Nash equilibrium prices. The utility of consumer z who has money m and buys product x at price p, is:
where k is the utility of product 'z' to consumer 'z' (assumed to be a large constant), d(x, z) is the (Euclidean) distance in the product space, and f(d) is an increasing function of d passing through the origin. ' Hotelling (1929) (la) For x #y existence of a unique Nash equilibrium in prices in the last-stage game is restricted to regions such that x and y are sufficiently far apart [d'Aspremont et al. (1979) ]. For a fixed location y of the opponent, the locations x <y which result in a Nash equilibrium in the price subgame lie in an interval [0, x,(y)), with x,( JJ) < y. Equilibrium prices are strictly positive. (1 b) For x = y Bertrand's equilibrium occurs at zero prices. (2) An equilibrium in the location game does not exist because marginal relocations in the directions of the best replies bring the firms into the region where the Nash equilibrium in the (last-stage) price game does not exist. et al. (1979) showed that a utility function quadratic in distance [f(d) = d2] results in the existence of price equilibria in the last-stage game for any locations, and that in the long run there exist subgame-perfect equilibria at maximal product differentiation. Thus, at first glance it seems that the existence of price equilibria is intimately connected with maximal differentiation in the location game. We explore this problem using a family of utility functions. A natural family of utility functions is the one implied by the family of transportation cost functions
Let E(a) be the set of pairs of locations (products) (x, y) such that the non-cooperative price subgame played for these locations results in a unique equilibrium.
Let the realized profits for each firm at this equilibrium be n;'(x, y), rt(x, y). We define the dire&n in which dri'/dx is positive as the 'relocation tendency' of firm 1, and similarly for firm 2. A {stibgame-perfect) equilibrium of the location-price game must be at the zero relocation locus, dn,"/dx = drd'/d y = 0. We establish the zero relocation locus for all (Y. Its intersection with the existence region E(a) defines equilibrium of the price-location game.
Relocation tendencies in the long-run game
The utility of consumer z that buys product x at price p1 is 'K(m, x) = m + k -p, -1 x -z 1 a. Utility maximization is equivalent to picking the minimum of p, + 1 x -z 1 a and pz + 1 y -z I u. Let Z( p,, pz) be the solution in z of
(1) Consumer I is indifferent between buying from firm 1 and 2. All consumers in [0, I) buy from firm 1 and all consumers in (5, l] buy from firm 2. 2
Demand functions are Or( p,, p2) = Z( p,, p2) and 02( pr, +I~) = 1 -Z( p,, pz). Profits are r, = p,D,, r2 =p2D,. The first-order conditions for profit maximization are 3
' Implicitly it has been assumed that I lies between x and y. It turns out that this is implied by the existence of equilibrium in the price game.
' Second-order local conditions are also satisfied. As mentioned above, the relocation tendency for firm 1 follows the sign of the derivative of the equilibrium profits V: with respect to x. Thus it follows the direction of the best reply of firm 1 to the location choice of firm 2. The effect on profits of changes in x, keeping y constant (evaluated for symmetric locations, y = 1 -x) is dv,"/dx = k(2 -4x -3((~ -l)), for x # l/2 where k is a positive constant. 4 Therefore da;'/dx 5 0 c, x 2 5/4 -3~u/4. Let X(a) = 5/4 -3(~/4. Then starting at any x firm 1 will tend to move toward X. We have established:
Pro$osition I. [l, 5/3] and by X(a) = 0, j(a) = 1 f or (Y in (5/3, 21 , provided that the corresponding price subgame has an equilibrium. 
In the location game a symmetric equilibrium exists and is given by X(a) = 5/4 -3(u/4, j( CX) = 1 -X(a) for (Y in
For symmetric x and y. x + y =l, ? =1/2, A = 2(1/2-x)"-',
B=O,
and therefore dn,"/dx=a(1/2-x)a-2[5-4x-3 a)]/1 2.
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Regions of existence of equilibrium in the price subgame
In the original model of Hotelling with linear utility in the characteristics space (a = 1) the demand and profit functions are discontinuous.
However, it is not the discontinuity of the payoff function which creates the non-existence of an equilibrium. It is the failure of the quasi-concavity of the profit function, resulting in discontinuous best reply functions which creates the non-existence problem. For (Y # 1 continuity is restored but the quasi-concavity still fails for all (Y < 1. ' In the linear case, price undercutting forces directly the non-existence of equilibrium because it results in the opponent having zero profits, while each firm (if x #y) can guarantee a positive amount of profits by quoting a sufficiently low price. For a non-linear utility function, optimal undercutting may not result in the opponent firm making zero profits. In general the profit functions in this problem are double-peaked.
6 We call the lower of the two prices associated with the peaks the optimal undercutting price. Formally we define the optimal undercutting price as py( p2) which fulfills: p'; + (7 -x)" =p2 + (I -y)* and Z < 1. If the Z which solves the above system is infeasible, then we define as the optimal undercutting price for firm 1 the pf( p2) which fulfills pf + (1 -x)" = pz + (1 -y)". While p'; leaves some positive market share to the opponent, p';' leaves zero market share to him. We first examine the case where optimal undercutting drives the opponent out of business. ' Equilibrium profits are r: =pT/2 = (~(1/2 -x)*-'/2, while undercutting profits are v," = pp = ar(1/2 -x)aP' + xa -(1 -x)~. Let the difference of the above functions be f(x, CX) = v," -~7 = a(1/2 -x)*-'/2 + xa -(1 -x)*. When f< 0, undercutting is unprofitable and an equilibrium exists. Since f(1/2, a) = 0 and af(l/2, a)/ax < 0, * f( .) must be positive for some x < l/2. Since also' f(0, a) < 0, there exists a solution x in (0, l/2) to the equation f(x) = 0. Since the third derivative of f( .) is globally negative, '" the second derivative is decreasing and can only change sign once. This establishes the uniqueness of x, because more than one solution of f(x) = 0, together with the fact that f(0) < 0 and f(1/2 -r) > 0 imply more than one solution of a*f(x)/ax' = 0, which, as mentioned above, is not true. Thus, an equilibrium exists for all x (and corresponding y = 1 -x) in [0, x). The analysis of the case when optimal undercutting does not drive the opponent out of business (and py is used) follows similarly through numerical techniques. I' The boundary of the overall existence region is G = 1.40 -2.76a + 2.08~~~ -0.46cr3. x(a) is increasing in (Y. In the linear case of Hotelling (1929) , where (Y = 1, we have 2 = l/4, while in the extreme quadratic case (Q. = 2) we have x = l/2. The locus of G is seen in fig. 1 .
The shaded region of existence of equilibrium in the price subgame, E(a, x), seen in fig. I , contains a part of the locus of zero relocation tendencies X(a). These locations in E, together with their counterparts j( (u) = 1 -X(a) constitute equilibria of the location game which are subgame perfect in the price subgame. Let Z be the intersection of X(a) and x(a). Location equilibria exist in the interior of the product space for cx in (Cu, 5/3) on X((Y), j(a) = 1 -X(a). Corner equilibria exist for (Y in [5/3, l] at x = 0, y = 1. For cr < (Y no locational equilibria exist. Hotelling's (1929) case falls in this last category.
' See Economides (1984) for a detailed study of the duopoly of Hotelling (1929) . There the non-existence problem is fixed through the introduction of not too high reservation prices. 6 This double-peak property is shown by plotting these functions using a dense grid of values of prices. ' Optima1 undercutting makes the market share of the opponent zero if as,( p, = p;l')/ap, < 0 which is equivalent to a(1/2-x)~~'+x~-(1-x)~-~(l-x)~~'+axn~'>0. s ~//~x=a[-(a-1)(1/2-x)*-2/2+x"-'+(1-x)"-'],and1im,_,,,af/~x=-30,fora<2. y f(0. a) = a/2" -1 < 0. lo a*f/ax2=a(a-1)[(a-2)(1/2-x)a-3/2+~a~2
-(l-~)"~~], a3//ax3=a(a-l)(a-2)(-(a~3)(1/2-x)a'4/2+ xum3 +(l -x)~-~]. Clearly, the expression in the brackets is positive which makes the third derivative globally negative. " The computer routines used are available from the author. 
Conclusion
We have therefore established two results: First, the principle of minimum differentiation does not hold in duopoly price-location games a-la-Hotelling, since there is no long-run subgame-perfect equilibrium with minimum product differentiation. Second, the opposing principle of maximum differentiation is also incorrect in general. Although maximal product differentiation holds for very convex 'transportation cost' functions (large (Y'S), there exists a range of utility functions (parameterized by intermediate a's) such that the perfect equilibrium locations are interior points of the product space.
